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SPECTRAL GAPS OF THE ONE-DIMENSIONAL SCHR

ODINGER
OPERATORS WITH SINGULAR PERIODIC POTENTIALS
VLADIMIR MIKHAILETS AND VOLODYMYR MOLYBOGA
In the memory of A.Ya. Povzner.
Abstrat. The behaviour of the lengths of spetral gaps {γn(q)}∞n=1 of the Hill-
Shrodinger operators
S(q)u = −u′′ + q(x)u, u ∈ Dom (S(q))
with real-valued 1-periodi distributional potentials q(x) ∈ H−1
1-per
(R) is studied. We show
that they exhibit the same behaviour as the Fourier oeients {bq(n)}∞
n=−∞ of the poten-
tials q(x) with respet to the weighted sequene spaes hs,ϕ, s > −1, ϕ ∈ SV. The ase
q(x) ∈ L2
1-per
(R), s ∈ Z+, ϕ ≡ 1 orresponds to the Marhenko-Ostrovskii Theorem.
1. Introdution
The Hill-Shrodinger operators
S(q)u := −u′′ + q(x)u, u ∈ Dom(S(q))
with real-valued 1-periodi distributional potentials q(x) ∈ H−11-per(R) are well dened on the
Hilbert spae L2(R) in the following equivalent basi ways [MiMl6℄:
• as form-sum operators;
• as quasi-dierential operators;
• as limits of operators with smooth 1-periodi potentials in the norm resolvent sense.
The operators S(q) are lower semibounded and self-adjoint on the Hilbert spae L2(R). Their
spetra are absolutely ontinuous and have a band and gap struture as in the lassial ase
of L21-per(R)-potentials [HrMk, Krt, DjMt3, MiMl6℄.
The objet of our investigation is the behaviour of the lengths of spetral gaps. Under the
assumption
(1) q(x) =
∑
k∈Z
q̂(k)eik2pix ∈ H−1+1-per(R,R),
that is ∑
k∈Z
(1 + 2|k|)2s|q̂(k)|2 <∞ ∀s > −1, and Im q(x) = 0,
we will prove many terms asymptoti estimates for the lengths {γn(q)}
∞
n=1 and midpoints
{τn(q)}
∞
n=1 of spetral gaps of the Hill-Shrodinger operators S(q) (Theorem 1). These es-
timates enable us to establish relationship between the rate of dereasing/inreasing of the
lengths of spetral gaps and the regularity of the singular potentials (Theorem 2 and Theo-
rem 3).
It is well known that if the potentials
q(x) =
∑
k∈Z
q̂(k)eik2pix ∈ L21-per(R,R),
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i.e., when ∑
k∈Z
|q̂(k)|2 <∞, and Im q(x) = 0,
then the Hill-Shrodinger operators S(q) are lower semibounded and self-adjoint operators
on the Hilbert spae L2(R) with absolutely ontinuous spetra whih have a zone struture
[DnSh2, ReSi4℄.
Spetra spec (S(q)) are dened by the loation of the endpoints {λ0(q), λ
±
n (q)}
∞
n=1 of spe-
tral gaps whih satisfy the following inequalities:
−∞ < λ0(q) < λ
−
1 (q) ≤ λ
+
1 (q) < λ
−
2 (q) ≤ λ
+
2 (q) < · · · .
Moreover, for even/odd numbers n ∈ Z+ the endpoints of spetral gaps are eigenvalues of the
periodi/semiperiodi problems on the interval [0, 1]:
S±(q)u := −u
′′ + q(x)u = λu,
Dom(S±(q)) :=
{
u ∈ H2[0, 1]
∣∣∣u(j)(0) = ± u(j)(1), j = 0, 1} ≡ H2±[0, 1].
Spetral bands (stability or tied zones),
B0(q) := [λ0(q), λ
−
1 (q)], Bn(q) := [λ
+
n (q), λ
−
n+1(q)], n ∈ N,
are haraterized as a lous of those real λ ∈ R for whih all solutions of the equation
S(q)u = λu are bounded. On the other hand, spetral gaps (instability or forbidden zones),
G0(q) := (−∞, λ0(q)), Gn(q) := (λ
−
n (q), λ
+
n (q)), n ∈ N,
are a lous of those real λ ∈ R for whih any nontrivial solution of the equation S(q)u = λu
is unbounded.
Due to Marhenko and Ostrovskii [MrOs℄ the endpoints of spetral gaps of the Hill-
Shrodinger operators S(q) satisfy the asymptoti estimates
(2) λ±n (q) = n
2π2 + q̂(0)± |q̂(n)|+ h1(n), n→∞.
As a onsequene, for the lengths of spetral gaps,
γn(q) := λ
+
n − λ
−
n , n ∈ N,
the following asymptoti formulae are fullled,
(3) γn(q) = 2 |q̂(n)|+ h
1(n), n→∞.
Hohstadt [Hhs℄ (⇒) and Marhenko, Ostrovskii [MrOs℄, MKean, Trubowitz [MKTr℄
(⇐) proved that the potential q(x) is an innitely dierentiable funtion if and only if the
lengths of spetral gaps {γn(q)}
∞
n=1 derease faster than arbitrary power of 1/n:
q(x) ∈ C∞1-per(R,R)⇔ γn(q) = O(n
−k), n→∞ ∀k ∈ Z+.
Marhenko and Ostrovskii [MrOs℄ disovered that
(4) q(x) ∈ Hk1-per(R,R)⇔ {γn(q)}
∞
n=1 ∈ h
k, k ∈ Z+.
The relationship (4) was extended by Kappeler, Mityagin [KpMt℄ (⇒) and Djakov, Mitya-
gin [DjMt1℄ (⇐) (see also the survey [DjMt2℄ and the referenes therein) on the ase of sym-
metri, monotoni, submultipliative and stritly subexponential weights Ω = {Ω(n)}n∈Z:
q(x) ∈ HΩ1-per(R,R)⇔ {γn(q)}
∞
n=1 ∈ h
Ω.
Poshel [Psh℄ proved the latter statement in a quite dierent way.
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Here and throughout the remainder of the paper we use the omplex Hilbert spaes
Hw1-per(R) (as well as H
w
± [0, 1]) of 1-periodi funtions and distributions dened by means
of their Fourier oeients:
f(x) =
∑
k∈Z
f̂(k)eik2pix ∈ Hw1-per(R)⇔
{
f̂(k)
}
k∈Z
∈ hw,
hw =
a = {a(k)}k∈Z
∣∣∣∣∣∣ ‖a‖hw =
(∑
k∈Z
w2(k)|a(k)|2
)1/2
<∞
 .
Basially we use the power weights
ws = {ws(k)}k∈Z : ws(k) := (1 + 2|k|)
s, s ∈ R.
The orresponding spaes we denote as
Hws1-per(R) ≡ H
s
1-per(R), H
ws
± [0, 1] ≡ H
s
±[0, 1], and h
ws ≡ hs, s ∈ R.
For more details, see Appendix.
2. Main results
As we already remarked, under the assumption (1) the Hill-Shrodinger operators S(q) are
lower semibounded and self-adjoint on the Hilbert spae L2(R). Their spetra are absolutely
ontinuous and have a lassial zone struture [HrMk, Krt, DjMt3, MiMl6, MiSb℄.
Using the results of the papers [KpMh, Mhr℄, the Isospetral Theorem 5 and [MiMl6,
Theorem C℄ we prove uniform many terms asymptoti estimates for the lengths of spetral
gaps {γn(q)}
∞
n=1 and their midpoints {τn(q)}
∞
n=1,
τn(q) :=
λ+n (q) + λ
−
n (q)
2
, n ∈ N.
Theorem 1 ([MiMl3, Mlb2℄). Let q(x) ∈ H−α1-per(R,R), α ∈ [0, 1). Then for any ε > 0 uni-
formly on the bounded sets of distributions q(x) in the orresponding Sobolev spaes H−α1-per(R)
the lengths {γn(q)}
∞
n=1 and midpoints {τn(q)}
∞
n=1 of spetral gaps of the Hill-Shrodinger op-
erators S(q) for n ≥ n0
(
‖q‖H−α
1-per
(R)
)
satisfy the following asymptoti formulae:
γn(q) = 2 |q̂(n)|+ h
1−2α−ε(n),(5)
τn(q) = n
2π2 + q̂(0) + h1−2α−ε(n).(6)
Corollary ([MiMl3, Mlb2℄). Let q(x) ∈ H−α1-per(R,R) with α ∈ [0, 1). Then for any ε > 0
uniformly by q(x) for the endpoints of spetral gaps of the Hill-Shrodinger operators S(q) the
following asymptoti estimates are fullled:
λ±n (q) = n
2π2 + q̂(0)± |q̂(n)|+ h1−2α−ε(n).
Now, we an desribe a bilateral relationship between the rate of dereasing/inreasing of
the lengths of spetral gaps {γn(q)}
∞
n=1 and the regularity of the potentials q(x) in the rened
sale.
Let
ws,ϕ = {ws,ϕ(k)}k∈Z : ws,ϕ(k) := (1 + 2|k|)
s ϕ(|k|), s ∈ R, ϕ ∈ SV,
where ϕ is a slowly varying on +∞ in a sense of Karamata funtion [Snt℄. It means that it is
a positive, measurable on [A,∞), A > 0 funtion obeying the ondition
lim
t→+∞
ϕ(λt)
ϕ(t)
= 1, λ > 0.
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For example,
ϕ(t) = (log t)r1(log log t)r2 . . . (log . . . log t)rk ∈ SV, {r1, . . . , rk} ⊂ R, k ∈ N.
The Hormander spaes
H
ws,ϕ
1-per(R) ≡ H
s,ϕ
1-per(R) ≃ H
s,ϕ(S), S := R/2πZ,
and the weighted sequene spaes
hws,ϕ ≡ hs,ϕ
form the rened sales:
Hs+ε1-per(R) →֒ H
s,ϕ
1-per(R) →֒ H
s−ε
1-per(R),(7)
hs+ε →֒ hs,ϕ →֒ hs−ε, s ∈ R, ε > 0, ϕ ∈ SV,(8)
whih in a general situation were studied by Mikhailets and Murah [MiMr℄.
The following statements show that the sequene {γn(q)}
∞
n=1 has the same behaviour as
the Fourier oeients {q̂(n)}∞n=−∞ with respet to the rened sale {h
s,ϕ}s∈R,ϕ∈SV.
Theorem 2. Let q(x) ∈ H−1+1-per(R,R). Then
q(x) ∈ Hs,ϕ1-per (R,R)⇔ {γn(q)}
∞
n=1 ∈ h
s,ϕ, s ∈ (−1, 0], ϕ ∈ SV.
Note that the Hormander spaes Hs,ϕ1-per(R) with ϕ ≡ 1 oinide with the Sobolev spaes,
Hs,11-per(R) ≡ H
s
1-per(R), and h
s,1 ≡ hs, s ∈ R.
Corollary ([MiMl3, Mlb2℄). Let q(x) ∈ H−1+1-per(R,R), then
(9) q(x) ∈ Hs1-per (R,R)⇔ {γn(q)}
∞
n=1 ∈ h
s, s ∈ (−1, 0].
Theorem 2 together with [KpMt, Theorem 1.2℄, and the properties (7) and (8), involve the
following extension of the Marhenko-Ostrovskii Theorem (4).
Theorem 3. Let q(x) ∈ H−1+1-per(R,R). Then
q(x) ∈ Hs,ϕ1-per (R,R)⇔ {γn(q)}
∞
n=1 ∈ h
s,ϕ, s ∈ (−1,∞), ϕ ∈ SV.
In partiular,
q(x) ∈ Hs1-per (R,R)⇔ {γn(q)}
∞
n=1 ∈ h
s, s ∈ (−1,∞).
Remark. In the preprint [DjMt3℄ the authors announed without a proof the more general
statement:
q(x) ∈ H
bΩ
1-per(R,R)⇔ {γn(q)}
∞
n=1 ∈ h
bΩ, Ω̂ =
{
Ω(n)
1 + 2|n|
}
n∈Z
,
where the weights Ω = {Ω(n)}n∈Z are supposed to be symmetri, monotoni, submultiplia-
tive and stritly subexponential ones. This result ontains the limiting ase
q(x) ∈ H−11-per (R,R) \H
−1+
1-per (R,R) .
An impliation
q(x) ∈ H−11-per (R,R)⇒ {γn(q)}
∞
n=1 ∈ h
−1
was proved in the paper [Krt℄.
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3. Proofs
Spetra of the Hill-Shrodinger operators S(q), q(x) ∈ H−11-per (R,R) are dened by the
endpoints {λ0(q), λ
±
n (q)}
∞
n=1 of spetral gaps. The endpoints as in the ase of L
2
1-per(R)-
potentials satisfy the inequalities:
−∞ < λ0(q) < λ
−
1 (q) ≤ λ
+
1 (q) < λ
−
2 (q) ≤ λ
+
2 (q) < · · · .
For even/odd numbers n ∈ Z+ they are eigenvalues of the periodi/semiperiodi problems on
the interval [0, 1] [MiMl6, Theorem C℄,
S±(q)u = λu.
The operators
S±u ≡ S±(q)u := D
2
±u+ q(x)u,
• D2± := −d
2/dx2, Dom(D2±) = H
2
±[0, 1];
• q(x) =
∑
k∈Z
q̂(k) ei k2pix ∈ H−1+ ([0, 1],R) ;
• Dom(S±(q)) =
{
u ∈ H1±[0, 1]
∣∣D2±u+ q(x)u ∈ L2(0, 1)} ,
are well dened on the Hilbert spae L2(0, 1) as lower semibounded, self-adjoint form-sum
operators, and they have the pure disrete spetra
spec (S±(q)) =
{
λ0[S+(q)], λ
±
2n−1[S−(q)], λ
±
2n[S+(q)]
}∞
n=1
.
In the papers [MiMl3, Mlb2, MiMl4, MiMl5℄ the authors metiulously investigated the
more general periodi/semiperiodi form-sum operators
Sm,±(V ) := D
2m
± ∔ V (x), V (x) ∈ H
−m
+ [0, 1], m ∈ N,
on the Hilbert spae L2(0, 1).
So, we need to nd preise asymptoti estimates for the operators S±(q) eigenvalues. It is
quite diult problem as the form-sum operators S±(q) are not onvenient for investigation.
We also annot apply approah developed by Savhuk and Shkalikov (see the survey [SvSh℄
and the referenes therein) onsidering the operators S±(q) as quasi-dierential ones as the
periodi/semiperiodi boundary onditions are not strongly regular by Birkho. Therefore we
propose an alternative approah whih is based on isospetral transformation of the problem.
Kappeler and Mohr [KpMh, Mhr℄ investigated the seond order dierential operators
L±(q), q(x) ∈ H
−1
+ ([0, 1],R) (in general, with omplex-valued potentials) dened on the
negative Sobolev spaes H−1± [0, 1],
L± ≡ L±(q) := D
2
± + q(x), Dom(L±(q)) = H
1
±[0, 1].
They established that the operators L±(q) with q(x) ∈ H
−α
+ ([0, 1],R), α ∈ [0, 1) have the
real-valued disrete spetra
spec (L±(q)) =
{
λ0[L+(q)], λ
±
2n−1[L−(q)], λ
±
2n[L+(q)]
}∞
n=1
suh that ∣∣λ±n [L±(q)]− n2π2 − q̂(0)∣∣ ≤ Cnα, n ≥ n0 (‖q‖H−α
+
[0,1]
)
.
More preisely, for the values
γn[L±(q)] := λ
+
n [L±(q)]− λ
−
n [L±(q)], n ∈ N,
τn[L±(q)] :=
λ+n [L±(q)] + λ
−
n [L±(q)]
2
, n ∈ N
they proved the following result.
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Proposition 4 (Kappeler, Mohr [KpMh, Mhr℄). Let q(x) ∈ H−α+ ([0, 1],R), and α ∈ [0, 1).
Then for any ε > 0 uniformly on the bounded sets of distributions q(x) in the Sobolev
spaes H−α+ [0, 1] for the operators L±(q) values {γn[L±(q)]}
∞
n=1 and {τn[L±(q)]}
∞
n=1 for
n ≥ n0
(
‖q‖H−α
+
[0,1]
)
the following asymptoti estimates are fullled:
i)
{
min
±
∣∣∣γn[L±(q)]± 2√(q̂ + ω )(−n)( q̂ + ω) (n)∣∣∣}
n∈N
∈ h1−2α−ε,
ii) τn[L±(q)] = n
2π2 + q̂(0) + h1−2α−ε(n),
where the onvolution
{ω(n)}n∈Z ≡
 1π2 ∑
k∈Z\{±n}
q̂ (n− k)q̂(n+ k)
n2 − k2

n∈Z
∈
{
h1−α, α ∈ [0, 1/2),
h3/2−2α−δ, α ∈ [1/2, 1)
with any δ > 0 (see the Convolution Lemma [KpMh, Mhr℄).
Remark. In the papers [Mlb1, MiMl1, MiMl2, Mlb2℄ more general operators
Lm,±(V ) := D
2m
± + V (x), V (x) ∈ H
−m
+ [0, 1], m ∈ N
on the spaes H−m± [0, 1] were studied. In partiular, the analogue of Proposition 4 was proved.
The following statement is an essential point of our approah.
Theorem 5 (Isospetral Theorem [MiMl3, Mlb2℄). The operators S±(q) and L±(q) are
isospetral ones:
spec (S±(q)) = spec (L±(q)) .
Proof. The injetions
spec (S±(q)) ⊂ spec (L±(q))
are obvious sine
S±(q) ⊂ L±(q).
Let prove the inverse injetions
spec (L±(q)) ⊂ spec (S±(q)) .
Let λ ∈ spec (L±(q)), and f be a orrespondent eigenvetor or rootvetor. Therefore
(L±(q)− λId) f = g, f, g ∈ Dom(L±(q)) = H
1
±[0, 1],
where f is an eigenfuntion if g = 0, and a rootvetor if g 6= 0.
So, we have got
L±(q)f = λIdf + g ∈ H
1
±[0, 1],
i.e.,
L±(q)f = D
2
±f + q(x)f ∈ L
2(0, 1).
Thus we have proved that f ∈ Dom(S±(q)). In the ase when f is a rootvetor (g 6= 0) in a
similar fashion we show that g ∈ Dom(S±(q)) also. Continuing this proess until neessary
(draw attention that it is nite as the eigenvalue λ has a nite algebrai multipliity) we
obtain that all orrespondent to λ eigenvetors and rootvetors belong to the operators S±(q)
domains Dom(S±(q)). Consequently we an onlude that
λ ∈ spec (S±(q)) ,
and the required injetions
spec (L±(q)) ⊂ spec (S±(q))
have been proved.
The proof is omplete. 
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Now, Theorem 1 follows from Proposition 4, the Isospetral Theorem 5 and [MiMl6, The-
orem C℄, sine
q̂(n) = q̂(−n), n ∈ Z,
ω(n) = ω(−n), n ∈ Z,
and as a onsequene
min
±
∣∣∣γn(q)± 2√(q̂ + ω )(−n)( q̂ + ω) (n)∣∣∣ = |γn(q)− 2 |(q̂ + ω) (n)|| .
The proof of Theorem 1 is omplete.
To prove Theorem 2 we rstly prove its Corollary. The formula (9) follows from [KpMh,
Corollary 0.2 (2.6)℄, the Isospetral Theorem 5 and [MiMl6, Theorem C℄. Also it an be proved
diretly as well as [KpMh, Corollary 0.2 (2.6)℄ using the estimates (5).
Further, to prove Theorem 2 it is suient to apply the asymptoti estimates (5), the
properties (7) and (8) of the rened sales, and the formula (9):
• q ∈ Hs,ϕ1-per (R,R)
(7)
=⇒ q ∈ Hs−δ1-per (R,R) , δ > 0
(5)
=⇒ γn = 2 |q̂(n)|+ h
1+2(s−δ)−ε(n)
(8)
=⇒ γn = 2 |q̂(n)|+ h
s,ϕ(n) =⇒ {γn(q)}
∞
n=1 ∈ h
s,ϕ;
• {γn(q)}
∞
n=1 ∈ h
s,ϕ (8)=⇒ {γn}
∞
n=1 ∈ h
s−δ, δ > 0
(9)
=⇒ q ∈ Hs−δ1-per (R,R)
(5)
=⇒ γn = 2 |q̂(n)|+ h
1+2(s−δ)−ε(n)
(8)
=⇒ γn = 2 |q̂(n)|+ h
s,ϕ(n)
=⇒ {q̂(n)}n∈Z ∈ h
s,ϕ(n).
Remark that due to arbitrary hoie of δ > 0 and ε > 0 we may hoose them suh that
1 + s− 2δ − ε > 0.
The proof of Theorem 2 is omplete. Now, we are ready to prove Theorem 3.
At rst, note that from [KpMt, Theorem 1.2℄ we get the following asymptoti formulae for
the lengths of spetral gaps:
(10) γn(q) = 2 |q̂(n)|+ h
1+s(n) as q(x) ∈ Hs1-per (R,R) , s ∈ [0,∞),
whih for the integer numbers s ∈ Z+ were proved by Marhenko and Ostrovskii [MrOs℄.
Using (9), (10) and (4) it is easy to prove the relationship
(11) q(x) ∈ Hs1-per (R,R)⇔ {γn(q)}
∞
n=1 ∈ h
s, s ∈ (−1,∞).
Suieny of Theorem 3. Let q(x) ∈ Hs,ϕ1-per (R,R). If s ∈ (−1, 0] then due to Theorem 2
we obtain that {γn(q)}
∞
n=1 ∈ h
s,ϕ
. If s > 0 then
q(x) ∈ Hs,ϕ1-per (R,R)
(7)
→֒ Hs−δ1-per (R,R) , δ > 0
(10)
=⇒ γn(q) = 2 |q̂(n)|+ h
1+s−δ(n)
(8)
=⇒ γn(q) = 2 |q̂(n)|+ h
s,ϕ(n) =⇒ {γn(q)}
∞
n=1 ∈ h
s,ϕ.
Suieny is proved.
Neessity of Theorem 3. Let suppose that {γn(q)}
∞
n=1 ∈ h
s,ϕ
. If s ∈ (−1, 0] then from
Theorem 2 we have that q(x) ∈ Hs,ϕ1-per (R,R). If s > 0 then
{γn(q)}
∞
n=1 ∈ h
s,ϕ (8)→֒ hs−δ, δ > 0
(11)
=⇒ q(x) ∈ Hs−δ1-per (R,R)
(10)
=⇒ γn(q) = 2 |q̂(n)|+ h
1+s−δ(n)
(8)
=⇒ γn(q) = 2 |q̂(n)|+ h
s,ϕ(n) =⇒ q(x) ∈ Hs,ϕ1-per (R,R) .
Neessity is proved.
The proof of Theorem 3 is omplete.
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4. Conluding remarks
In fat we an prove the following result: if q(x) ∈ H−1+1-per (R,R) and
(1 + 2|k|)s ≪ w(k)≪ (1 + 2|k|)1+2s, s ∈ (−1, 0],
(1 + 2|k|)s ≪ w(k)≪ (1 + 2|k|)1+s, s ∈ [0,∞),
then
q(x) ∈ Hw1-per (R,R)⇔ {γn(q)}
∞
n=1 ∈ h
w.
This result is not overed by the theorems of the preprint [DjMt3℄, beause it does not
require the weight funtion to be monotoni and submultipliative.
Appendix
The omplex Sobolev spaes Hs1-per(R), s ∈ R of 1-periodi funtions and distributions
over the real axis R are dened by means of their Fourier oeients,
Hs1-per(R) :=
{
f =
∑
k∈Z
f̂(k)eik2pix
∣∣∣ ‖ f ‖Hs
1-per
(R)<∞
}
,
‖ f ‖Hs
1-per
(R) :=
(∑
k∈Z
〈2k〉2s|f̂(k)|2
)1/2
, 〈k〉 := 1 + |k|,
f̂(k) := 〈f, eik2pix〉L2
1-per
(R), k ∈ Z.
By 〈·, ·〉L2
1-per
(R) we denote a sesqui-linear form pairing the dual spaes H
s
1-per(R) and
H−s1-per(R) with respet to L
2
1-per(R), whih (the sequi-linear form 〈·, ·〉L2
1-per
(R)) is an extension
by ontinuity of the L21-per(R)-inner produt [Brz, GrGr℄:
〈f, g〉L2
1-per
(R) :=
∫ 1
0
f(x)g(x) dx =
∑
k∈Z
f̂(k)ĝ(k) ∀f, g ∈ L21-per(R).
It is useful to notie that
H01-per(R) ≡ L
2
1-per(R).
By Hs+1-per(R), s ∈ R we denote an indutive limit of the Sobolev spaes H
t
1-per(R) with
t > s,
Hs+1-per (R) :=
⋃
ε>0
Hs+ε1-per (R) .
It is a topologial spae with an indutive topology.
In a similar fashion the Sobolev spaes Hs±[0, 1], s ∈ R of 1-periodi/1-semiperiodi fun-
tions and distributions over the interval [0, 1] are dened:
Hs±[0, 1] :=
f = ∑
k∈Γ±
f̂
(
k
2
)
eikpix
∣∣∣ ‖ f ‖Hs
±
[0,1]<∞
 ,
‖ f ‖Hs
±
[0,1] :=
∑
k∈Γ±
〈k〉2s
∣∣∣∣f̂ (k2
)∣∣∣∣2
1/2 , 〈k〉 = 1 + |k|,
f̂
(
k
2
)
:= 〈f(x), eikpix〉±, k ∈ Γ±.
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Here
Γ+ ≡ 2Z := {k ∈ Z | k ≡ 0 (mod 2)} ,
Γ− ≡ 2Z+ 1 := {k ∈ Z | k ≡ 1 (mod 2)} ,
and 〈·, ·〉± are sesqui-linear forms pairing the dual spaes H
s
±[0, 1] and H
−s
± [0, 1] with respet
to L2(0, 1), whih (the sesqui-linear forms 〈·, ·〉±) are extensions by ontinuity of the L
2(0, 1)-
inner produt [Brz, GrGr℄:
〈f, g〉± :=
∫ 1
0
f(x)g(x) dx =
∑
k∈Γ±
f̂
(
k
2
)
ĝ
(
k
2
)
∀f, g ∈ L2(0, 1).
It is obvious that
H0+[0, 1] ≡ H
0
−[0, 1] ≡ L
2(0, 1).
We say that 1-periodi funtion or distribution f(x) is real-valued if Im f(x) = 0. Let us
remind that
Re f(x) :=
1
2
(f(x) + f(x)), Im f(x) :=
1
2i
(f(x) − f(x)),
(see, for an example, [Vld℄). In terms of the Fourier oeients we have
Im f(x) = 0⇔ f̂(k) = f̂(−k), k ∈ Z.
Set
Hs1-per(R,R) :=
{
f(x) ∈ Hs1-per(R) | Im f(x) = 0
}
,
Hs+1-per(R,R) :=
{
f(x) ∈ Hs+1-per(R) | Im f(x) = 0
}
,
Hs± ([0, 1],R) :=
{
f(x) ∈ Hs±[0, 1] | Im f(x) = 0
}
.
Also we will need the Hilbert sequene spaes
hs ≡ hs (Z,C) , s ∈ R
of (two-sided) weighted sequenes,
hs :=
a = {a(k)}k∈Z
∣∣∣∣∣∣ ‖a‖hs :=
(∑
k∈Z
〈k〉2s|a(k)|2
)1/2
<∞
 , 〈k〉 = 1 + |k|.
Note that
h0 ≡ l2 (Z,C) ,
and
a = {a(k)}k∈Z ∈ h
s, s ∈ R ⇒ a(k) = o(|k|−s), k → ±∞.
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